The paper is devoted to the design and simulation of a multivariable cascade system with a H ∞ controller in the outer loop which has the goal to track plasma shape and current in a tokamak by manipulation of control current references. These currents flow in magnetic coils located around a tokamak vacuum vessel and generate a poloidal magnetic field to confine the high-temperature plasma inside the vessel. For the controller K design a mixed-sensitivity objective was achieved by minimization of the H ∞ -norm of the stacked and shaped transfer function S/KS where the sensitivity S is a matrix transfer function from a plant external disturbance to plasma shape and current signals. The H ∞ approach was applied in the outer cascade to the plant consisting of two inner loops of the system. The first scalar inner loop stabilizes a plasma unstable vertical position speed at about zero. The second inner multivariable loop was preliminary designed to decouple control currents. The cascade system was simulated with plasmaphysics DINA code in the divertor phase of the plasma current ramp-up stage for two scenarios: the ITER 15 MA scenario and another one with a new set of scenario control currents given by the control system from the initial simulation. The motivation of the H ∞ outer loop design is to enhance the robust stability margin of the system in comparison with the known system consisting of the series connection of the pseudo-inverse matrix and diagonal PII-controller with a double integrator in the outer multivariable loop without losing tracking accuracy. The H ∞ cascade control system showed about five times larger the robust stability margin estimated by means of singular values of the complementary sensitivity T in frequency domain.
INTRODUCTION
Tokamaks (Artsimovich, 1972 , Wesson, 1997 , Pironti and Walker, 2005 are the most perspective devices for producing energy from nuclear fusion. The confinement of hightemperature plasma in magnetic field at a sufficiently high pressure is the basic idea of the future thermonuclear reactor to get self-sustained thermonuclear reaction. The tokamak is a toroidal vacuum vessel with magnetic coils that is a magnetic confinement device with toroidal geometry. The tokamak works as follows. The gas (for instance a deuteriumtritium mixture) is pumped inside the vessel and is broken down by an induced electric field due to the external magnetic field change. So the gas is ionized, becomes the plasma which is able to interact with externally generated magnetic fields. Plasma is confined in the vessel by combined toroidal and poloidal magnetic fields. The toroidal magnetic field is generated by the electric current flowing in the toroidal coil. Poloidal fields are generated by the currents in poloidal coils surrounding the vessel (Fig. 1 ) and the plasma current is induced by a transformer action because the plasma is a conductor. Poloidal coils act as the primary of the transformer while the plasma acts as the secondary. Thus the magnetic fields produce an external magnetic pressure that balances the gas-kinetic pressure of the hot plasma.
Tokamak plasma position, shape, and current are controlled by magnetic fields of the poloidal coil currents. These currents are created by appropriate voltages that are applied to the coils. The main goal of the plasma magnetic control system is to track plasma scenario shape and current with bounded deviations on plasma current ramp-up stage and stabilize these parameters on the plasma current flat-top phase. We develop the plasma magnetic control system for ITER (International Thermonuclear Experimental Reactor, under construction in France).
There is a set of approaches of plasma position, shape and current control (see for instance Ariola and Pironti, 2008) .
The paper presents the design of an H ∞ plasma magnetic control system based on the cascade channel decoupling methodology developed in (Mitrishkin et al., 2009 ). The prototype cascade system uses combination of diagonal PIIcontroller with pseudo-inverse matrix as plasma current and shape controller in the outer loop. In order to improve robust performance and robust stability and to achieve the desired trade-off of those characteristics this controller has been replaced in the design by the multivariable H ∞ controller in the outer loop of the cascade structure.
Section 2 provides short description of the plasma nonlinear and linear models used for controller design and simulation. The robust plasma control problem is stated in section 3. The control system structure with the inner decoupling loop is described in section 4. The design of the plasma shape and current H ∞ controller is represented in section 5. Simulation results of cascade control systems with H ∞ and PII controllers on nonlinear plasma-physics DINA code are shown in section 6. Section 7 summarizes the results obtained.
. . 
Nonlinear Model
The tokamak plasma differential equation in the state space is a nonlinear electromagnetic Kirchhoff equation which describes the coupled magnetic system of conductors with currents including the plasma current (Dokuka et al., 2007) ( ) ( ) , , , 0
where Ψ denotes the poloidal fluxes vector-function, I is the vector of currents in active and passive structures with n states, I p is the total plasma current, R is the matrix of resistances, Ξ m×m is the unit matrix corresponding to the voltage vector u on active coils
, p β is the scalar proportional to the plasma pressure, i l is the internal plasma inductance. Plasma equilibrium in the magnetic field is described by GradShafranov equation (Wesson, 1997) which is connected with equation (1) and gives the nonlinear plant model to be controlled. Plasma current evolution is taken in accordance with the following condition /
where Ψ is the averaged poloidal flux over the plasma crosssection, j is the plasma current density, S p is the plasma crosssection square. The nonlinear plasma model described above is implemented in DINA code Lukash, 1993, Lukash et al., 2004) .
Linear Model
After application of a linearization procedure (Ariola and Pitonti, 2008, Mitrishkin et al., 2005) to nonlinear plasma equations one can obtain a plant linear equation around an equilibrium point of a plasma discharge scenario:
where x is the state vector of passive and active currents deviations, dim x n = , u is the vector of voltage variations on active coils, y is the output vector of plasma current variation, deviations of plasma geometric parameters, and variations of currents in active coils. For vertically elongated plasmas the vertical position is unstable resulting in a positive eigenvalue of matrix A in (2). Reduced linear models were used for the H ∞ controller design. Such models were created by truncation of modes corresponding to lower Hankel singular values in balanced realizations of (2) (Skogestad and Postlethwaite, 2005) . Plasma shape and current are defined by currents in central solenoid (CS) and poloidal fields (PF) coils. The diagnostic system is used to measure plant outputs: gaps between plasma boundary (separatrix) and the first wall/divertor at six points (g1…g6), the vertical position of the plasma magnetic axis, control currents in active coils as well as the total plasma current. The eddy currents in passive structures are not measured but may be estimated and used in a control law if necessary. Plant inputs are voltages on all CS and PF coils. The voltages are generated by power supplies which play the role of plant actuators and are controlled multiphase thyristor rectifiers (AC/DC convertors).
The control system should provide: (i) tracking of the discharge scenario parameters (g1..g6) and the plasma current with specified accuracy, (ii) rejection of external disturbances of a minor disruption type represented as drops of β p and l i in plasma models, (iii) plasma control on the long time interval of scenario including the plasma current ramp-up stage and quasistationary tokamak operation mode. The latter requirement is closely connected to robust stability of control system, as long as the plant under control is nonlinear and changes its properties in time, that is the plant is different at different scenario points. However, it was discovered that variation of plasma properties over significant time intervals of the scenario is not so large (Mitrishkin et al., 2011) . Thus, it is possible to achieve plasma control goals during the part of the divertor phase on the plasma current ramp-up stage by using a linear controller based on a linearized model for one of scenario points. On the limiter phase of the plasma rampup stage with a transition to the divertor phase one can switch the controller to another one without change of its structure to keep the closed-loop stability and proper performance.
DECOUPLING INNER LOOP IN THE CASCADE SYSTEM STRUCTURE
In the ITER documentation (Plasma Performance Assessment, 2009) the plasma magnetic control scheme contains two basic loops: a scalar loop for plasma vertical speed control and a multivariable loop for gaps, plasma current and CS/PF currents control. In (Mitrishkin et al., 2009 , Mitrishkin et al., 2011 ) the cascade control system for ITER was suggested and developed. In that proposal the inner cascade is used for CS/PF currents control and the references of this cascade are the outputs of the plasma shape and current controller. Such engineering solution makes possible to decouple channels of tracking the scenario currents and essentially simplify the adjustment of these channels in practice in comparison with a controller designed for the whole set of plant outputs. Consequently the general cascade structure of the plasma magnetic control system for ITER consists of three loops: fast loop for vertical speed suppression which is separated from the relatively slow loops for the CS/PF currents control as well as the plasma shape and current control (Fig. 2 ). T represents the connection of the VSC to the PF2-PF5 coils To design the inner control loop the square sub-plant was considered in which the inputs number is equal to outputs number. Here 11 outputs are current variations in CS/PF coils and 11 voltages on these coils are manipulated input variables. Active coils, passive structures, and plasma filament in a tokamak are strongly magnetically coupled so the easiest way to control CS and PF currents independently is to decouple them in the square plant mentioned above. At this design stage the linearized plasma model was used. All inputs and outputs of the model are deviations from their equilibrium values at the scenario point about which the model is linearized. The linear coupled sub-plant model is represented in the state space form as follows: 
Let us denote (4) and then the decoupling problem is formulated as follows: find matrix fb K so that the matrix Λ becomes a diagonal matrix with equal diagonal elements and find the matrix sp K to meet the condition: y r = at a zero frequency. It can be shown that the matrix transfer function of the closed-loop system (4) will be diagonal at all frequencies and will contain identical firstorder units on its diagonal. To achieve that, we perform the reduction of the linear model (3) to 11 states, which gives square matrices 2 A , 2 B , and 2 C of the 11 11 × size. After that we can specify a desired matrix Λ which will give the required feedback fb K and the set-point sp K matrices ( )
Thus the closed inner control loop with reduced sub-model and matrices fb K , sp K given in (5) give only approximate decoupling. However simulations show that a sufficient accuracy of the decoupling is achieved. All diagonal elements of matrix Λ are chosen to be equal to -1.0, and the multivariable inner closed loop system becomes decoupled into 11 independent first order loops with the same time constant of 1.0 s.
H ∞ OUTER LOOP DESIGN IN CASCADE STRUCTURE
The design objective is to incorporate the multivariable H ∞ controller K into the outer loop of the cascade structure for plasma shape and current control. The problem of the H ∞ controller synthesis is formulated as mixed-sensitivity design (Skogestad and Postlewaith, 2005) ( ) ( ) ( ) ( ) ( ) ( ) ( )
The optimization criterion J in (6) 
The scalars m and a in (7) were adjusted to get the best performance in the simulations on nonlinear DINA code. In (7) the second order transfer function was used because it provided faster system response in comparison with the first order case. The weight w 2 was chosen as a constant: 2 1 w = .
After the weighting functions were found the H ∞ controller was designed and simulated on the linear plasma model in MATLAB environment for a preliminary estimate of the controller performance. The best controllers were selected from the resulting set of synthesized controllers taking into account performance and frequency responses. The H ∞ design procedure includes scaling of multivariable plant (Skogestad and Postlethwaite, 2005) thus adjustment of weighting functions parameters is simplified and the acceptable balance of the output signals (gaps and plasma current) is achieved. In Fig. 3 The H ∞ norms of S and T are connected with the 2-norms of the input/output signals and stability margin in presence of the plant model multiplicative output uncertainty ∆ by the following relations (Skogestad and Postlewaith, 2005) :
. Thus the system with the H ∞ controller provides more effective external disturbances rejection and robust stability factor of about 5 times better than the system with the PIIcontroller.
CONTROL SYSTEM SIMULATION ON DINA CODE

Simulation with the Given Scenario
The numerical simulation of the cascade control system with the channel decoupling in the inner loop and the H ∞ controller in the outer loop for plasma shape and current control was done using the nonlinear plasma model realized by DINA code on the interval of the ITER scenario from the point I p = 8.5 МА to the point I p = 15 МА and further comprising the start of the plasma current flat-top phase. This period corresponds to the time interval from 35 s to 105 s of the ITER scenario and includes the part of plasma current ramp-up stage from X-point formation up to the start of quasi-stationary stage. Fig. 4 shows plots of gap values over the whole simulation interval of the system with the H ∞ -controller comparing to the simulation of the PII-controller at the same conditions. Fig. 5 presents plots of the plasma current for both systems and its deviation from the scenario reference respectively. Table 1 show that such large deviations from scenario are too large. This mismatch is probably related to the fact that the ITER scenario was computed on a different code with different physics assumptions and other adjustments, and as a result plasma equilibrium configurations for each scenario point were caused by different values of coil currents. The control performance indexes in Table 1 
Simulation with the Modified Scenario
The coil currents obtained from the results of the simulation performed were used as modified scenario coil currents in a new simulation, that is the scenario was modified. Another controller was used for this new simulation which was synthesized with the same parameters of the weighting function ( ) 1 w s in (7) but a linear model at a new point was taken as a plant model. This point is located approximately in the middle of the simulation period opposed to the point in its beginning as in the previous case. It was supposed that this could improve control performance on the whole interval of divertor phase at the plasma current ramp-up stage, and especially on its final part that is the quasi-stationary stage. Simulation results are presented in Fig. 7, 8. 
Comparison of Simulation Results
In Fig. 7, 8 one can see that the new simulations with modified scenario coil currents result in significantly lower coil currents deviations while preserving good tracking of gaps and plasma current. Table 1 The paper presents the design and simulation of the control system for tokamak plasma position, shape and current based on the combination of the channel cascade decoupling approach and H ∞ optimization to advance the system robustness. The system gives the accurate ITER modified scenario tracking on plasma current ramp-up phase from the X-point formation up to flat-top stage on nonlinear DINA code. This was achieved by essentially improving the tradeoff between plasma shape/current and CS/PF currents during the control process. The H ∞ cascade control system showed larger robust stability margin than the system with the PII controller in the outer loop specifically about five times larger.
